Dominant multi-particle interactions can give rise to exotic physical phases with anyonic excitations and phase transitions without local order parameters. In spin systems with a global SU (N ) symmetry, cyclic ring-exchange couplings constitute the first higher-order interaction in this class. In this letter we propose a protocol how SU (N ) invariant multi-body interactions can be implemented in optical tweezer arrays. We utilize the flexibility to re-arrange the tweezer configuration on time scales short compared to the typical lifetimes, in combination with strong non-local Rydberg interactions. As a specific example we demonstrate how a chiral cyclic ring-exchange Hamiltonian can be implemented in a two-leg ladder geometry. We study its phase diagram using DMRG simulations and identify phases with dominant vector chirality, a ferromagnet, and an emergent spin-1 Haldane phase. We also discuss how the proposed protocol can be utilized to implement the strongly frustrated J − Q model, a candidate for hosting a deconfined quantum critical point.
Dominant multi-particle interactions can give rise to exotic physical phases with anyonic excitations and phase transitions without local order parameters. In spin systems with a global SU (N ) symmetry, cyclic ring-exchange couplings constitute the first higher-order interaction in this class. In this letter we propose a protocol how SU (N ) invariant multi-body interactions can be implemented in optical tweezer arrays. We utilize the flexibility to re-arrange the tweezer configuration on time scales short compared to the typical lifetimes, in combination with strong non-local Rydberg interactions. As a specific example we demonstrate how a chiral cyclic ring-exchange Hamiltonian can be implemented in a two-leg ladder geometry. We study its phase diagram using DMRG simulations and identify phases with dominant vector chirality, a ferromagnet, and an emergent spin-1 Haldane phase. We also discuss how the proposed protocol can be utilized to implement the strongly frustrated J − Q model, a candidate for hosting a deconfined quantum critical point.
Introduction.-Ultracold atoms in optical lattices have become a versatile platform for performing analogue quantum simulations, with widely tunable interactions [1] and the ability to control the single-particle band structure [2] [3] [4] [5] [6] [7] [8] . Using atoms with permanent electric or magnetic dipole moments [9] or in Rydberg states [10] allows to study systems with long-range dipole-dipole or van-der Waals interactions, which can mimic the longrange Coulomb repulsion between electrons in a solid. These ingredients can be combined to study exotic phenomena in strongly correlated many-body systems, related for example to quantum magnetism [11] [12] [13] [14] [15] [16] [17] or the fractional quantum Hall effect [18] [19] [20] . Leveraging the capabilities of ultracold atoms, such experiments promise new insights for example to directly measure topological invariants [21] [22] [23] [24] [25] or image the quantum mechanical wavefunction with single-site resolution [26] [27] [28] [29] [30] [31] .
In this letter, we go beyond the two-body interactions realized so far and propose a general protocol to implement highly symmetric multiparticle interactions with ultracold atoms in optical tweezer arrays. Multiparticle interactions can lead to exotic ground states with intrinsic topological order [32, 33] , with applications for quantum computation [34, 35] , and they are an important ingredient for realizing lattice gauge theories [36] [37] [38] [39] central to the quantum simulation of high-energy phenomena or deconfined quantum criticality [40, 41] . If these higher-order couplings possess additional symmetries, e.g. SU(N ) invariance in spin systems, models with * These authors contributed equally. † Corresponding author email: fabian.grusdt@lmu.de strong frustration can be realized whose ground states are strongly correlated quantum liquids.
In condensed matter systems multi-spin interactions of this type emerge from higher-order virtual processes [42] , leading to corrections to the pairwise Heisenberg couplings of SU(2) spins in a half-filled Hubbard model. These cyclic ring-exchange terms play a role in frustrated quantum magnets like solid 3 He [43] and possibly also for the phase diagram of high-T c cuprate superconductors FIG. 1. Proposed setup: SU(2)-invariant chiral cyclic ringexchange interactions can be realized by combining statedependent lattices generated by optical tweezer arrays and strong Rydberg interactions with a central Rydberg-dressed control qubit (C). The auxiliary states |τ = 1 |σ with σ =↑, ↓ (orange) of the atoms on the sites of the plaquette are subject to a state-dependent tweezer potential which allows to permute them coherently around the center. Our protocol makes use of stroboscopic π pulses between the physical states τ = 0 (green) and the auxiliary states τ = 1, which only take place collectively on all sites and conditioned on the absence of a Rydberg excitation in the control atom. [44, 45] . In this letter we demonstrate how such multispin interactions can be realized and independently tuned in ultracold atom systems without resorting to high-order virtual processes.
A promising route to implementing multiparticle processes is to use strong interactions between atoms in different Rydberg states representing spin degrees of freedom. This allows to build a versatile quantum simulator which can be used to realize ring-exchange interactions in spin systems by representing them as sums of products of Pauli matrices [46] , or to implement local constraints giving rise to emergent dynamical gauge fields [47, 48] .
Here we follow a similar strategy but propose to combine strong Rydberg interactions with the capabilities to quickly change the spatial configuration of atoms trapped in optical tweezer arrays [49] [50] [51] . We consider general lattice models with one N -component particle per lattice site (fermionic or bosonic) and show, as an explicit example, how a general class of SU(N )-invariant chiral cyclic ring-exchange (CCR) interactions can be realized. They are described by a Hamiltonian ( = 1)
where the sum is over all plaquettes p of the underlying lattice, the operatorP † p (P p ) cyclically permutes the spin configuration on plaquette p in clockwise (counterclockwise) direction and φ is a tunable complex phase. A generalization to finite hole doping, with zero or one particle per lattice site, is straightforward.
Non-chiral cyclic ring-exchange interactions, realized by Eq. (1) for φ = 0, are believed to play a role in the high-T c cuprate compounds. These materials can be described by the 2D Fermi-Hubbard model on a square lattice, with weak couplings between multiple layers in z-direction [52] . For the relevant on-site interactions U , which dominate over the nearest-neighbor tunneling t U , this model can be simplified by an expansion in powers of t/U . To lowest order, one obtains a t−J model [53] with nearest-neighbor spin-exchange interactions of strength J = 4t 2 /U . Next to leading order, cyclic ringexchange terms on the plaquettes of the square lattice contribute with strength K = 20t 4 /U 3 . By comparison of first principle calculations and measurements in the high-temperature regime it was shown that K ≈ 0.13 × J in La 2 CuO 4 [54] but its effect on the phase diagram remains debated. In ultracold atoms, similar higher-order processes have been used to realize non-chiral cyclic ringexchange couplings [55, 56] .
We start by explaining the general scheme using the example of CCR interactions. Our method is more versatile however, and we discuss how it can be adapted to implement the J − Q model which has been proposed as a candidate system realizing deconfined quantum criticality [40, 41] . We also analyze the phase diagram of the CCR Hamiltonian (1) in a ladder geometry, with exactly one SU(2) spin per lattice site. We show that the phase diagram contains a gapped Haldane phase with topologi-cally protected edge states [57] [58] [59] at intermediate values of π/4 φ 3π/4, a ferromagnetic phase for φ 3π/4 and a dominant vector chirality for φ π/4. Implementation.-For simplicity we consider only a single plaquette and for concreteness we restrict ourselves to N p = 4 sites, see Fig. 1 . Generalizations of our scheme to more than one plaquette with any number N p of sites are straightforward, however.
Each of the four sites, labeled j = 1, ..., 4, consists of a static optical tweezer trapping a single atom, where recently demonstrated rearrangement methods [49] [50] [51] allow for populating each site with high fidelity. We assume that the atoms remain in the vibrational ground states of the microtraps throughout the sequence. Every atom has two internal states σ =↑, ↓ which we use to implement an effective spin-1/2 system. As a specific configuration we suggest to use 133 Cs atoms and utilize their F = 3, m F = 2, 3 hyperfine states to represent the two spins. Optical pumping with site-resolved addressing can then be employed to prepare arbitrary initial spin patterns [56] and study their dynamics under Eq. (1).
The key ingredient for our proposed implementation of CCR interactions is to realize collective permutations of the entire spin configuration in the plaquette. This can be achieved by physically rotating the tweezer array around the center of the plaquette while ensuring that the motional and spin states of the atoms are preserved and coherence is not lost. The effect of clockwise rotations of the microtraps on the spin states is described by the operatorP ,P
Optimized trajectories can be chosen to cancel heating effects from the motion [60] . These require a timescale set by the quantum speed limit that scales as the inverse energy gap of each traps t rot ∼ 1/∆ε. For deep trapping potentials where ∆ε ≈ 150 kHz, rotation times of t rot < 10 µs are achievable. In contrast to Eq. (2), the effective Hamiltonian leads to a superposition of permuted and non-permuted states in every infinitesimal time step ∆t, as can be seen from a Taylor expansion: e −iĤCCR∆t = 1 − iĤ CCR ∆t. To create such superposition states in our time evolution, we assume that every atom has a second internal degree of freedom labeled by τ = 0, 1. Concretely we propose to realize the new states |τ = 1 |σ in 133 Cs atoms by F = 4, m F = 3, 4 hyperfine levels, where m F = 3 (m F = 4) corresponds to σ =↓ (σ =↑). These additional levels will be used as auxiliary states, whereas the states |τ = 0 |σ introduced before -implemented as F = 3, m F = 2, 3 levels in 133 Cs-realize the physical spin states.
One part of our protocol consists of a permutation of the spins σ, but only in the manifold of auxiliary states. This step requires a total time t rot and can be described by the unitary transformationŝ
To implement this evolution, two sets of optical tweezer arrays can be used, of which only one is rotating. We suggest to realize it by the near-magic wavelength λ magic ≈ 871.6 nm in 133 Cs which strongly confines atoms in the state τ = 1 but almost does not affect atoms in τ = 0. By applyingÛ ± to superposition states with either all atoms in τ = 1 or all atoms in τ = 0, one can realize the desired superpositions of permuted and non-permuted spin configurations. Such states can be realized by collective π-pulses conditioned upon a control qubit trapped in the center of the plaquette [61] , as described next.
If the control atom is in the state |+ c it is transferred to a Rydberg state |r c with a resonant π-pulse and Rabi frequency Ω r , see Fig. 1 . If the control atom is in state |− c , the laser Ω r is off-resonant and no Rydberg excitation is created. Next a Raman transition by lasers Ω
through an intermediate Rydberg state |r j is used to implement a π-pulse transferring the physical states |0 j to |1 j , without changing their spin state |σ j . In the presence of a coupling field Ω EIT that establishes two-photon resonance to the Rydberg state with each Raman laser, electromagnetically induced transparency (EIT) [62] suppresses the transition |0 j ↔ |1 j . However, the EIT condition is lifted by the Rydberg blockade mechanism if the control atom is in the Rydberg state |r c [61] , enabling the transfer. After the transfer is complete, another π-pulse by Ω r is applied to the control atom. This ensures that the control atom remains trapped during the protocol, even if the Rydberg excited state is not subject to a trapping potential. In summary, this part is described by the unitary transformation
The total time required to implement this switch (sw) is denoted by t sw .
Finally, we need to introduce quantum dynamics between the states of the control atom. This can be realized by a dressing laser Ω c driving transitions between |± c , at a detuning ∆ c . These dynamics take place over a period of time t c and are described by the unitary evolution
During the remaining steps of the protocol, Eqs. (3) -(4), we assume that Ω c = 0 is off and the control atom picks up a phase ±ϕ c if it is in state |+ c . This phase can be adjusted by the detuning ∆ c and the duration t rx = 2t sw + t rot , during which the time evolution of the control isÛ ±ϕc = |+ c +|e ∓iϕc + |− c −|.
The complete protocol is summarized in Fig. 2 . It consists of a periodic repetition of the individual steps described above. At the discrete time steps nT , where T = 2(t c + t rx ), the unitary evolution is described by an effective HamiltonianĤ eff : where we definedÛ rx,± =Û sw Û ±ϕc ⊗Û ± Û sw . As will be shown below,Ĥ eff realizes CCR interactions with a tunable phase φ = −ϕ c and amplitude
provided that
Now we estimate the strength |K| of the CCR interactions that can be achieved with the proposed setup. To satisfy Eq. (7) we assume Ω c = 0.2∆ c and t c ∆ c = 0.4. For a rotation time t rot = 10µs and assuming t sw , t c t rot a reasonable strength of K/ = 50Hz × 2π can be achieved. This requires Ω c /2π
1.3kHz, which can be easily realized; the condition t sw 10µs can also be met, as the Rydberg π-pulses on the control atom can be executed in ∼ 100 ns each and the Raman transfer between the states |0 j and |1 j can be driven with coupling strengths above 1 MHz.
Effective Hamiltonian.-Next we show that our protocol realizes the Hamiltonian in Eq. (1). When 2πt c 1/∆ c , 1/Ω c , we can writeÛ c = 1 − iĤ c t c and calculate exp[−iĤ eff T ] to leading order in t c . Eqs. (3) -(4) yield
When Ω c ∆ c we can eliminate the state |+ c which is only virtually excited. This further simplifies the effective Hamiltonian and we obtain
Up to the energy shift 2K this realizes CCR interactions in an isolated plaquette. The result can be extended to multiple plaquettes by implementing the trotterized time stepÛ T interchangeably on inequivalent plaquettes.
Two-leg ladder with CCR.-Now we discuss the physics of the CCR Hamiltonian in a two-leg ladder. We vary the phase φ in the Hamiltonian (1) with K = 1 and calculate the ground state phase diagram using the density-matrix renormalization group (DMRG). For φ = π, the ground state is characterized by ferromagnetic correlations, see Fig. 3 (c). It can be readily seen that the variational energy Ĥ CCR (π) is minimized for ferromagnetic configurations. In the sector S z tot = 0 used in our DMRG simulations in Fig. 3 (c) , we find phase separation with two ferromagnetic domains of opposite magnetization.
At intermediate φ we find an emergent Haldane phase, with two-fold degenerate states in the entanglement spectrum, see Fig. 3 (a) . For a finite S z tot = 1 the expectation value Ŝ z L,1 at the edge is non-zero, see Fig. 3 (b) . The spin gap ∆E S = E 0,S=1 − E 0,S=0 , defined as the difference between the ground state energy with and without finite total magnetization, is zero in this phase, since the additional spin can be placed in the spin-1/2 topological edge states of the system without increasing the total energy. We corroborate this picture further by considering the K − K model with alternating strengths K, K of the CCR interactions on adjacent plaquettes. In the supplement (SM) we provide an explicitly derivation of a spin-1 model with a gapped Haldane ground state [58, 63] for φ = π/2 and K K. For small values of φ, the ground state of the CCR Hamiltonian is a dominant vector chirality phase, as discussed in Ref. [64] . This phase is characterized by correlations of the formŜ x,y ×Ŝ x ,y in a staggered arrangement around each plaquette. We find that the staggered correlation between different rungs, measured from the center L/2 of the chain,
decays slowly as a function of the distance x and retains significant non-zero values over the considered system sizes, see Fig. 3 (d) . The transition between the dominant vector chirality and Haldane phases is a symmetryprotected topological (SPT) phase transition.
Using the global SU (2) which can be detected by making use of local addressing techniques, see e.g. [65] . To detect the Haldane phase experimentally, we propose to study weakly magnetized systems and image the topological edge states. Alternatively, one could work in the plaquette basis (see SM) and measure the Haldane string order parameter. An interesting future extension would be to use machine learning techniques to retrieve non-local order parameters from a series of quantum projective measurements. Summary and Outlook.-In summary, we propose a general method for implementing multi-body interactions in ultracold atom experiments using optical tweezer arrays. The approach is particularly useful in the presence of additional, e.g. global SU (N ) spin, symmetries. Specifically, we consider a four-body cyclic ring exchange term, which can be realized with a combination of multiqubit gates based on Rydberg states and movable optical tweezers. We numerically study the ground state of the cyclic ring exchange Hamiltonian and find different dominant correlation functions as the complex phase of the ring exchange term is varied.
Our work paves the way for future studies of the interplay between ring-exchange and pair-exchange terms, as discussed in Ref. [66] for the non-chiral case φ = 0. In the experimental realization proposed here, it is conceptually straightforward to introduce holes into the system, leading to a finite doping. The interplay between spin and charge degrees of freedom could be further studied by adding direct tunneling terms, which lead to rich Hamiltonians in the spirit of t − J like models. The physics of this type of model is completely unknown and provides an exciting prospect for future theoretical and experimental research. The proposed protocol is versatile enough to implement larger classes of models with multi-spin inter-actions, such as the J − Q model [41] . In two dimensions, this model features a phase transition between an antiferromagnet and a valence-bond solid, which has been proposed as a candidate for a deconfined quantum critical point [41] . Moreover, the experimental protocol can be varied to study different types of problems, such as discrete time-evolutions of complex models or impurity models, which can be realized by an inclusion of the control qubits into the models. F.G. acknowledge support from the Technical Univer- 
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A. State preparation
In the following we present details about the preparation protocol and relevant experimental parameters that ultimately set the limitations on timescales of the experiment.
Applying recently developed techniques of rearranging atoms to arbitrary patterns [49] [50] [51] allows for the initialization of the desired plaquette pattern with high fidelity. Raman sideband cooling can be applied to prepare the atoms in the motional ground state of the tweezers. To achieve a large fraction of ground state occupation in all three directions, axial confinement of the atoms within the tweezers is necessary. This can be achieved using a blue-detuned, higher-order Gaussian beam propagating along the side of the tweezer array. Strong axial confinement also reduces the position uncertainty of the atoms, thereby suppressing fluctuations in interactions between the Rydberg states from run to run.
For the proposed experiments, we suggest encoding the spin and pseudospin degrees of freedom in the atomic states of 133 Cs:
Optical pumping allows for preparation of the full population in a single hyperfine level such as |1, ↑ , while strong magnetic field gradients or local optical addressing beams can be used to imprint state-dependent energy shifts and transfer the spin state on individual sites using global addressing with microwaves or Raman beams.
B. Trap parameters
We propose the use of static traps at a far-detuned wavelength to mitigate heating from off-resonant scattering. 1064 nm represents a convenient and readily available wavelength for these traps. In addition, a different set of traps at a near-magic wavelength between the D 1 and D 2 lines of 133 Cs is used to transport the F = 4 hyperfine sublevels, but not F = 3.
An optical trap with σ + -polarization and a wavelength of 871.6 nm can strongly shift the |F = 4 sublevels but not the |F = 3 ones.
Trap depths
We assume a static trap depth of 1 mK, where good results on ground state cooling of 133 Cs is achievable. Assuming a wavelength of 1064 nm and a waist of w stat ∼ 1 µm, an optical power of around 6 mW per trap is required.
While the static trap depth is flexible, it poses stringent bounds on the depth of the rotating traps. On the one hand, these should be significantly deeper than the static traps to allow for efficient relocation of the target qubits in |F = 4 . On the other hand, residual light shifts on the |F = 3 states should be small enough as to prevent the atoms in these states from being removed from the static traps ( Fig. 4 ).
Scattering rate
For the trap parameters assumed earlier, the resulting off-resonant photon scattering rate of the static traps is on the order of 10 Hz, which is much slower than the desired experimental cycle time.
For the rotating traps, the near-magic wavelength yields a minimal off-resonant scattering rate on the order of 500 Hz. Therefore it is essential to perform the rotations sufficiently quickly to avoid destruction of the coherent superposition of states, heating or scattering into different spin states altogether. The dependence of scattering rate on the rotating trap wavelength and the atomic spin state is shown in Fig. 5 .
Rotation timescales
For trap frequencies on the order of 100 kHz, a fully adiabatic transport process would require a timescale much longer than the inverse trap frequency. The necessary number of operations to implement cyclic ring exchange would need a very long total trap duration, at which the off-resonant scattering rates estimated above would severely limit the process fidelity. Therefore, we propose the implementation of optimized trajectories that allow for counterdiabatic transport of atoms with no net heating on a timescale of the inverse energy gap of each trap [60] . Taking into account the ramping times of the traps, the total transfer period of a single rotation can take 100 µs, we can perform on average ∼ 20 rotations until a single photon is scattered from the traps. It is well known that the four-spin cyclic ring-exchange interaction (P p +P † p ) can be written in terms of the spin operatorsŜ j on the four sites j = 1...4 of the plaquette (labeled in anti-clockwise direction). To relate our chiral model in Eq. (1) to spin models of quantum magnetism, and for the our numerical implementation of the model by DMRG, we also write it out in terms of spin operators.
As a starting point, we expressP p in terms of pairwise spin-permutation operators,
for whichP ij |σ i σ j = |σ j σ i . Hencê
Using standard identities for spin operators, we obtain e iφP p + e −iφP † p = cos(φ)
D. The spin-1 Haldane phase
To obtain a better understanding of the Haldane phase observed in our DMRG simulations, we perform a rigorous analytical analysis of a simplified model with CCR couplings of strength K, K on alternating plaquettes, (15) where P denotes the set including every second plaquette and P its complement.
The K − K model (15) can be solved exactly in the limit K /K = 0, where its ground state is a product of decoupled plaquettes P. The eigenstates of a single plaquette p ∈ P can be labeled by the total spinŜ p = 4 j=1Ŝ j where j = 1...4 denotes the four sites of the plaquette (labeled in anti-clockwise direction).
The two states with S z p = ±2 have an energy 2 (φ) = 2K cos φ. In the sector with S z p = ±1 there exist four states corresponding to the four positions j of the minority spin. The eigenstates are plane wave superpositions of different j = 1...4 with discrete momenta p n = nπ/2 for n = 0, 1, 2, 3 and corresponding energy n 1 (φ) = 2K cos(φ + p n ). Finally there exist six states with S z p = 0. Four of them correspond to plane-wave superpositions of domain wall configurations, including ↑↑↓↓ and all cyclic permutations. They have discrete momenta p n = nπ/2 for n = 0, 1, 2, 3 and the same energy n 2 (φ) = 2K cos(φ + p n ) as states in the sector S z p = ±1. Two additional states |± correspond to symmetric and anti-symmetric superpositions of Néel states | ↑↓↑↓ ± | ↓↑↓↑ on the plaquette, with eigenenergies ± 2 (φ) = 2K cos(φ + q ± ) where q + = 0 and q − = π.
In the following we focus on the case when φ = π/2. The ground state of every plaquette is three-fold degenerate with energy (π/2) = −2K, and the states are 
Since the single plaquette is SU(2) invariant, this triplet of states corresponds to the sector S p = 1 where the total spin on the plaquette isŜ p = S p (S p + 1). The three states | ↑ p , |0 p , | ↓ p define a system of spin-1 operatorsĴ p on every plaquette p ∈ P. When |K | K, and without loss of generality K > 0, they are protected by a gap ∆ ≈ K from further state and K only introduces coupling between neighboring plaquettes p, q . Making use of SU(2) invariance, we calculated the resulting matrix elements of the term K p∈P (e iφP p + e −iφP † p ) analytically. This leads to the following effective Hamiltonian,
where 0 = −2K + 31 72 K . The remaining two coupling constants are given by
i.e. λ = 0.0629K and θ = 0.035π. For these parameters, the effective Hamiltonian is very close to a Heisenberg spin-1 chain. Because of the small second term ∝ λ sin(θ) λ cos(θ), the model interpolates between the exactly solvable AKLT model [67] and the simple Heisenberg spin-1 chain. Hence the ground state of the effective Hamiltonian (19) is gapped [57] and has spin-1/2 edge states [58] reflecting the symmetry protected topological order [59, 68] .
We checked numerically by exact diagonalization of numerically accessible system sizes that the system remains gapped at φ = π/2 when the ratio K /K is continuously tuned from 0 to 1. Since the system remains inversion symmetric around the central bond of the ladder, and this symmetry is sufficient to protect the topological character of the topological Haldane phase [68] , this establishes that the homogeneous ladder with K = K is in a non-trivial symmetry-protected phase at φ = π/2. The SU(2) symmetry of the system is also sufficient to protect the topological Haldane phase [68] .
